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The measurement result of the moved distance for a free mass m during the time r between 
two position measurements cannot be predicted with uncertainty smaller than -^ftr/2m. This is 
formulated as a standard quantum limit (SQL) and it has been proven to always hold for the 
following position measurement: a probe is set in a prescribed position before the measurement. 
Just after the interaction of the mass with the probe, the probe position is measured, and using 
this value, the measurement results of the pre-measurement and post-measurement positions are 
estimated. 
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There has been considerable interest in the problem of 
whether fundamental quantum limits exist for repeated 
measurements of free-mass position, in particular for 

Savitational-wave detection. Braginsky and Vorontsov 
derived a limit in the uncertainty Ax in a second 
measurement result of the position of a free mass m in a 
time T after the first position measurement: 



(Ax)sQL 




(1) 



This is called the standard quantum limit (SQL) for mon- 
itoring the position of a free mass. 

A recent controversy 0-@| began with Yuen's argu- 
ment [4I that the derivation given by Braginsky and 
Vorontsov contains a Saw. In the Heisenberg picture, 
the position operator x^- of the free mass at time r is 
given by Xr = xq -\- pqt /m, where xq and po a-i'e the po- 
sition and momentum operators, respectively, at time 0. 
Thus, the variance of x at time r is given by 



{Axf{T)^{Axf{Q) + {Apfm-f 



-{{xoPo + Poxo) - 2{xo){po)) — , 

m 



(2) 



where Aa;(0) and Ap(0) are the position and momen- 
tum uncertainties, respectively, at time 0. The previous 
derivation of the SQL implicitly assumes that the corre- 
lation term [the last term in Eq. (2)] is zero or positive. 
Yuen [31 has pointed out that some measurements leave 
the free mass in a contractive state, for which the cor- 
relation term is negative, and hence, the variance of x 
decreases with time for a while. As a result, the vari- 
ance Ax{t) can be smaller than the SQL. Note that Eq. 
(2) is about the intrinsic spreading of the free-mass wave 
function. In a measurement process, measurement errors 
are also crucial. This was emphasized by Caves, |S] who 
showed that despite of Yuen's argument, the SQL holds 



true for a specific position-measurement model using von 
Neumann's interaction [9| 



H = KxoPo 



(3) 



between the mass and probe, where xq and Pq are the 
mass position and probe momentum, respectively, just 
before the interaction, and K is a coupling constant. The 
variance A2 of the result for the second position measure- 
ment is given by 



A^ 



= a^ + (Axfir) > (Ax)2(0) + iAxfir) 
> 2Ax{0)Ax{t) > \{[xo,Xr])\ > hT/2m, (4) 



provided that a > Aa;(0), where a is an imperfect res- 
olution of the measurement. However, Caves did not 
prove that the inequality a > A2:(0) holds true in gen- 
eral, although it holds for von Neumann's interaction. As 
pointed out by Ozawa, [H Caves 's definition of the reso- 
lution is ambiguous. He did not distinguish two kinds of 
measurement errors: an error e in a measurement result 
for the mass position just before the measurement and 
an error cr in a measurement result for the position just 
after the measurement. These two errors are essentially 
different, although they are the same for von Neumann's 
interaction [Eq. (3)]. The errors e and a were named the 
precision and the resolution, respectively, by Ozawa. @ 
Caves formulated the SQL as follows: p\ Let a free 
mass m undergo unitary evolution during the time t be- 
tween two measurements of its position x, made with 
identical measuring apparatuses; the result of the sec- 
ond measurement cannot be predicted with uncertainty 
smaller than ^hr j^m in average over all the first read- 
out values. Suppose that the mass and probe interact in 
the time interval (0, t) at the first position measurement, 
and that the second measurement starts at i = T. Then, 
Caves's formulation states 



I A\y^P(X)dX > hT/2m, 
Al.^e{xTf + {Ax)l{T), 



(5) 
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where t — T — t, and P{X) is the probability distribu- 
tion for obtaining the first readout value X of the probe 



position. The physical quantities A2,x and {Ax)x{T) 
are distinguished by a subscript X indicating that they 
are obtained when the readout value is X. Caves did not 
take into account the X-dependence of the error e^xr)- 
A2,x is the variance of the results of the second position 
measurement, and e{xT) is the measurement error for the 
mass position just before the second measurement. Note 
that Caves's formulation does not include the measure- 
ment error a{xt) for the first measurement result. 

Ozawa [8| demonstrated that a certain position mea- 
surement breaks the SQL formulated by Caves. Using 
the interaction 



H 






(2xoPo - 'ipoXo + xopo - XoPi 



0^0 



(6) 



where po and Xq are the mass momentum and probe posi- 
tion, respectively, just before the first measurement, and 
neglecting free Hamiltonians of the mass and probe, he 
obtained ^{xt) = for any initial state |(/)o) of the mass. 
Moreover, when the initial state |^o) of the probe is taken 
to be a contractive state |/i, v, 0, w), [2;] the measurement 
leaves the mass in the contractive state \^,i',X,uj) after 
the first position measurement. Thus, this measurement 
beats the SQL in the way suggested by Yuen. On the 
problem of whether a SQL exists for repeated measure- 
ments of the free-mass position, Maddox [10] decided in 
favor of Ozawa. 

However, several questionable points exist in his argu- 
ment. First, interaction (6) used by Ozawa does not con- 
serve the total momentum of the mass and probe before 
and after the measurement, for the post-measurement 
momenta of the mass and probe are pt — —Pq and 
Pt = Po + Pq, respectively. [ll|, Q^ Because the distur- 
bance in the mass caused by the first position measure- 
ment affects the position fluctuation Aa;(r) of the mass, 
the validity of his argument using such a interaction is 
questionable. (Interaction (3), used by Caves, also does 
not conserve the total momentum. |lll[l3|) 

Moreover, Ozawa [8] supposed in his argument that the 
mean value of the readout of the probe position Xt just 
after the measurement is identical to the mean position of 
the free mass just before the measurement, and that the 
mean position of the free mass just after the measurement 
is identical to the readout value X, i.e.. 



bo,£.o\Xt\<l)o,^o} = 
X = 



(0o|iol0o), 
{<Px\xo\<Px) 



(7) 
(8) 



for all possible \(f>Q), where \(j)x) is the free-mass state just 
after the first measurement when the readout value is X, 
and we represent the tensor product |0o)'8)|Co) as \(f>Q,^o). 
Because the right-hand side of Eq. (8) equals X — (Xq) 
for interaction (6), assumption (8) can be justified only 
when the average (Xq) of the initial probe position is 
0. In fact, Ozawa adopted the initial state |^o) of the 
probe that satisfies (Xq) — 0. However, this means that 
assumption (8) is satisfied only in the specified coordinate 



system in which an observer has (Xq) = 0. In general, 
assumption (8) cannot be justified. 

As a position measurement that breaks SQL (5) for- 
mulated by Caves, we propose the following interaction: 



H = K{p„ + Po){Xo-xo), 



(9) 



which conserves the total momentum of the mass and 
probe independently of the value of go = Kt. For this 
interaction, neglecting the free Hamiltonians of the mass 
and probe, we obtain 

Xt ^ {l-go)xo+gQXo, Xt = -gQXQ + {l+go)Xo- (10) 

When interaction (9) with go = ^1 is used, we obtain 
e{xo) = for any |0o)- Moreover, when the initial 
state of the probe is taken to be the contractive state 
\fj,,i>, {Xq),uj), the measurement leaves the mass in the 
contractive state |/i, i/, 2X — (Xo),^) after the first po- 
sition measurement. Therefore, this measurement beats 
SQL (5) formulated by Caves. Note that this measure- 
ment does not include the fiaws in that proposed by 
Ozawa and that it does not break SQL (11) mentioned 
below. 

The arguments hitherto made are based on the SQL 
formulated by Caves. Here, we reexamine the formu- 
lation of the SQL for repeated measurements of free- 
mass position. Braginsky and Vorontsov [1] introduced 
the SQL when deriving the SQL for measuring the con- 
stant force F acting on a free mass. Using a change 
of position 6x = Ft^ /2ra caused by the force F, they 
proved that the SQL for measuring the force F is equal 
to 2to(Ax)sql/''"^, where r is the duration of action, 
and (Ax) SQL is the SQL for the free-mass position. 
Caves et al. also developed the same argument on page 
359 in Ref.(13). Moreover, Braginsky and Khalili |14| 
derived the standard quantum limit (Ai^)gQL for the 
mass sensitivity to the force using the standard quan- 
tum limit (AP)sQL for momentum. In their arguments, 
(AP)sQL was considered to be the uncertainty of the re- 
sult m{x2 — X2)/t obtained using the results xi and X2 
of the two position measurements. For these derivations 
to be justified, (Aa;)gQL must be the uncertainty in the 
moved distance obtained from the results of two succes- 
sive position measurements. 

Based on the above discussion, we formulate the SQL 
as follows: Let a free mass m undergo unitary evolu- 
tion during the time t between two measurements of 
its position x, the measurement result of the moved dis- 
tance cannot be predicted with uncertainty smaller than 
^fiT jlm. In our formulation, it is not necessary that the 
two position measurements must be made with identical 
measuring apparatuses. Averaging the uncertainty over 
all the first readout values is also unnecessary. Although 
in Caves's formulation the measurement error aixt) for 
the first position measurement is not included, it must 
be taken into account in our formulation: 



^X 



ax{xtf + lA\x > fiT/2m, 



(11) 



where lS.2^x is the uncertainty of the result for the second 
position measurement. It is given for interactions (3) and 
(6) by 



A2 



ex.{xTf + {^x)\{T), 



(12) 



where X' is the readout value of the second position mea- 
surement and {/S.x)x{T) is the variance of the mass posi- 
tion just before the second measurement. It is not clear 
that Eq. (12) always holds, although it holds for interac- 
tions (3) and (6). However, a measurement theory should 
correctly reproduce the Born rule of probability for any 
object state \<J)q), when the measurement error ^{xt) is 
zero. Then, A2,x = (Ax)x(r). Therefore, it is rea- 
sonable to assume that the following inequality always 
holds: 



Thus, if 



then 



A2.x>(A.t)x(T). 



(rx{xt) > (Ax)x(t), 



(13) 
(14) 



A 



X > ^x{xtY + (Ax)i(T) > (Ax)i(t) + (Ax)i(T) 



> 



[Xt,XT\ 



> hT/2r 



Therefore, when inequality (14) holds, the SQL is valid 
even though the free mass after the first measurement is 
in a contractive state. Contractive states do not vitiate 
this argument, as pointed out by Caves. 

We now prove that inequality (14) always holds for the 
position measurement according to the following method: 
the probe is arranged in a prescribed position (Xq) with a 
small position fluctuation before the measurement. Just 
after the interaction of the mass with the probe, the 
probe position Xt is measured using another apparatus, 
and using this value, the measurement results of the mass 
positions xq and Xj are estimated. It is assumed that the 
probe position Xt can be precisely measured. The de- 
tailed discussion about our position-measurement model 
is found in Ref. (15). Let U he a unitary operator repre- 
senting the time evolution for the first position measure- 
ment. Then, the state of the system composed of the 
mass and probe after the interaction should be given by 



U\xq,Xq) = |/(xo,Xo),g(xo,Xo)), 



(15) 



where |xo,Xo) is an eigenstate of the position operators 
Xq and Xq, and /(xo,Xo) a-nd g(xo,Xo) are arbitrary 
functions of xq and Xq . 

From the law of conservation of the linear momentum, 
we obtain 

Xt = f{xQ, Xo) =XQ+ F{xo - Xq), (16) 

Xt = g{xQ,Xo)=XQ + G{xo-Xo). (17) 

where G{x) and F(x) are arbitrary functions. Because 
the value of xq must be determined uniquely using the 



value of Xt for arbitrary possible value of Xq, the real 
number Xt must have a one-to-one correspondence to xq . 
Then, there exists an inverse function G^^{x). Thus, we 
obtain 



Xq 



Xo + G-\Xt-Xo) 



The spreading of the probability density for the probe 
causes the errors of position- measurement results (xo)oxp 
and (xi)oxp- We cannot know which position component 
Xq of the probe wave function interacts with the mass. 
Therefore, we define the measurement results (xo)oxp and 
(a;t)exp as the values of xq and xt, respectively, obtained 
when Xq is set equal to (Xq): 



(xo)exp = {Xo)+G-\Xt-{Xo)), 

-F{{xqUp-{Xq)). 



['^t/cyip — V'^OJcxp 



(18) 
(19) 



From the above equations, the measurement result 
(a;t)oxp for the post-measurement position is found to be 
a function of Xt and (Xq). 

Using the wave function {x,X\U\(J)q,^o) of the system 
just after the first measurement, we obtain the mass wave 
function obtained when the readout value is X: 



(x|0x) = (x,X|f7|0o,Co)//PW, (20) 

P{X) = J\{x,X\U\<Po,^o)\^dx. (21) 

Thus, the variance of position in the mass state \(t>x) is 

(Ax)^(t) = j{x-{x)xf\{x\4>x)?dx, (22) 

{x)x = [ x\{x\^x)?dx. (23) 



Since the probability density for obtaining the mea- 
surement results X and X for the post-measurement po- 
sitions Xt and Xt, respectively, is |(x,X|{7|0o,Co)p7 the 
square of the measurement error a{xt) is given by 

a{xtf = j {{xtUp-xY\{x,X\U\<i>Q,iQ)\'dxdX. (24) 

Then, we obtain the square of the measurement error 
o'x(a;t) for the post-measurement position xt obtained 
when the readout value is X: 

ox{xtf = /"{(xt)exp - x}2|(x|0x)|'dx. (25) 

Using the fact that (xt)exp is a function of X and (Xq), 
and does not depend on x, we obtain 



ax{xtf = (Ax)^(t) + ((x)jf-(xt)exp)^ 

> (Ax)2,(i). 
Therefore, SQL (11) always holds true. 



(26) 
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